It is presented a thorough analysis of scalar perturbations in the background of Gauss-Bonnet, Gauss-Bonnet-de Sitter and Gauss-Bonnet-anti-de Sitter black hole spacetimes. The perturbations are considered both in frequency and time domain. The dependence of the scalar field evolution on the values of the cosmological constant Λ and the Gauss-Bonnet coupling α is investigated. For Gauss-Bonnet and Gauss-Bonnet-de Sitter black holes, at asymptotically late times either powerlaw or exponential tails dominate, while for Gauss-Bonnet-anti-de Sitter black hole, the quasinormal modes govern the scalar field decay at all times. The power-law tails at asymptotically late times for odd-dimensional Gauss-Bonnet black holes does not depend on α, even though the black hole metric contains α as a new parameter. The corrections to quasinormal spectrum due to GaussBonnet coupling is not small and should not be neglected. For the limit of near extremal value of the (positive) cosmological constant and pure de Sitter and anti-de Sitter modes in Gauss-Bonnet gravity we have found analytical expressions.
I. INTRODUCTION
Black holes in more than four spacetime dimensions are of considerable interest recently due to the two main reasons: they naturally appear in string theory, and in extra dimensional brane-world scenarios [1] . According to some of these scenarios it is possible that the small higher dimensional black holes can be produced in particles collisions in Large Hadron Collider. At the same time quantum gravity may show itself already at TeV-energy scale. Yet, the effects of quantum gravity then may be observed as corrections to classical General Relativity.
String theory predicts quantum corrections to classical General Relativity, and the Gauss-Bonnet terms is the first and dominating correction among the others. Several higher other theories of gravity sustain black hole solutions. The solution for neutral black hole in GaussBonnet gravity was obtained by Boulware and Deser [2] and Wheeler [3] . More generally, Lovelock gravity [4] has been studied and shown to possess black hole solutions with interesting thermodynamical properties [5, 6] .
Thus, the problem of black hole production in transplanckian particle collisions has attracted considerable interest recently in the context of large extra dimensions scenarios of TeV-scale gravity. It was observed that the classical spacetime has large curvature along the transverse collision plane, as signaled by the curvature invariant (R ijkl R ijkl and thereby quantum gravity effects, and * Electronic address: eabdalla@fma.if.usp.br † Electronic address: konoplya@fma.if.usp.br ‡ Electronic address: cmolina@usp.br higher curvature corrections to the Einstein gravity, cannot be ignored [7] . At the same time we know that after formation of such a black hole its evolution has three stages: first, it looses its "hairs" coming into Kerr-like phase, then looses angular momentum transforming to Schwarzschild-like black hole, and finally exerts strong Hawking evaporation what results in loosing mass (see for instance [8] and references therein). The stage when black hole perturbations decay, transforming perturbed black hole into unperturbed one, is governed by quasinormal modes and is the aim of our present research.
In this paper we consider quasinormal perturbations of Gauss-Bonnet black holes including a non-vanishing cosmological constant. Quasinormal modes are a very useful tool to uncover properties of the intrinsic geometry, since the modes characterizes well the geometry and does not depend on further extrinsic properties, independent of the geometry itself [9] . They have been used successfully in a large class of astrophysical questions, from black holes to stars. In addition, it has been argued that the Gauss-Bonnet gravity in asymptotically anti-de Sitter (AdS) spacetimes may be analyzed through antide Sitter/conformal field theory (AdS/CFT) correspondence within next-to-leading order [10] . In this case the quasinormal modes of the large Gauss-Bonnet-AdS black hole could find a holographic interpretation in conformal field theory, as is the cases for the AdS black hole in Einstein gravity [11] .
In [12] the quasinormal modes for a charged asymptotically flat black hole in Gauss-Bonnet gravity were found with the help of the WKB approach [13] . The tensortype gravitational perturbations for Gauss-Bonnet black hole has been considered recently in [14] .
To obtain the quasinormal modes we use numerical analysis as well as a semi-analytical WKB-type treatment. Such an approach is based on the fact that the wave equation is similar to a Schrödinger equation, and depending on the kind of potential, it makes sense to borrow the methods used in quantum mechanics in order to define a semi-classical approximation. This vein has been followed and an approximation for the quasinormal frequencies has been obtained to a high WKB order [13] . In addition to the frequency domain, we analyze the evolution of scalar perturbations in the time domain and find good agreement between the results found by the two approaches. We have observed that at asymptotically late time, power-law tails do not depend on the Gauss-Bonnet coupling and are the same as for the d-dimensional Schwarzschild black hole, when d is odd. For several simpler particular cases, namely, for pure de Sitter and anti-de Sitter space-time (without black hole), and for extremal Gauss-Bonnet-de Sitter black hole we have found exact analytical formulas for (quasi)normal modes. The QNMs for Gauss-Bonnet black holes, with coupling α ∼ 1 predicted by string theory, is seemingly different from those of Schwarzschild black hole. Therefore the GBcorrections to the QN spectrum should not be ignored, when considering Tev-scale of quantum gravity scenarios. All found modes are damping, what implies stability of Gauss-Bonnet black holes against scalar field perturbations.
The paper is organized as follows: Sec. II represents the preliminaries of the Gauss-Bonnet-(A)dS metric and its scalar perturbations. Sec. III is devoted to the methods used in the paper, namely the WKB method (in the frequency domain), and the characteristic integration method (in the time domain). Sec. IV discuss the quasinormal behavior of the Gauss-Bonnet (GB), GaussBonnet-de Sitter (GBdS) and Gauss-Bonnet-anti-de Sitter (GBAdS) black holes. In Sec. V we discuss the future perspective and some unsolved questions in this field.
II. GAUSS-BONNET BLACK HOLE SOLUTIONS
The Einstein-Gauss-Bonnet action in the d-dimensional spacetime model has the form
where R and Λ are the d-dimensional Ricci scalar and the cosmological constant, respectively. The parameter α represents the (positive) Gauss-Bonnet coupling constant, which is related to the Regge slope parameter or string scale.
The Gauss-Bonnet Lagrangian L GB is given by
One should note that in four dimensions the GaussBonnet term (2) is a total divergency, and yields upon integration a topological invariant, namely the genus of the hypersurface defining the Gauss-Bonnet action (but even in four dimensions there are interest in the GB correction, as seen in [15] for example).
A metric obtained as a solution of the field equations is given by
where the function h(r) is given by the expression
.
The constant µ is proportional to the black hole mass and dΩ 
We set up a scalar field Φ on such a background obeying the Klein-Gordon equation
In order to separate the wave function in terms of eigenpotential we first separate the variables as Φ(t, r, {θ i }) = R ℓ (t, r)Y ℓm ({θ i })/r. As usual we obtain a simple equation for R ℓ (t, r), which is given by the expression
where u = t − r ⋆ , v = t + r ⋆ and the tortoise coordinate r ⋆ is defined by the relation
The variables u and v are the light cone coordinates corresponding to the time and tortoise coordinate. The effective potential for the scalar field in (7) is
The effective potential is positive definite potential barrier for any l for GB black hole, and, for l > 0 for GBdS black hole (For l = 0 GbdS case, the negative pitch appears). For GBAdS case the potential diverges at infinity.
III. NUMERICAL AND SEMI-ANALYTICAL APPROACHES
A. Characteristic integration
In [16] a simple but very efficient way of dealing with two-dimensional d'Alembertians has been set up. Along the general lines of the pioneering work [17] , light-cone variables have been introduced, leading to (7) .
In the characteristic initial value problem, initial data are specified on the two null surfaces u = u 0 and v = v 0 . The basic aspects of the field decay are independent of the initial conditions (as confirmed by simulations), so we use Gaussian initial conditions.
Since we do not have analytic solutions to the timedependent wave equation with the effective potentials introduced, one approach is to discretize the equation (7), and then implement a finite differencing scheme to solve it numerically. One possible discretization, used for example in [18, 19, 21] , is
where we have used the definitions for the points:
Although the second discretization (11) is more time consuming than (10) , it was observed in [22] that (11) is more stable for fields in asymptotically AdS geometries. With the use of expression (10) or (11), the basic algorithm will cover the region of interest in the u − v plane, using the value of the field at three points in order to calculate it at a forth one. After the integration is completed, the values of R ℓ in the regions of interest are extracted.
B. WKB analysis
Considering the Laplace transformation of the Eq. (7) (in terms of t and r ⋆ ), one gets the ordinary differential equation
One finds that there is a discrete set of possible values of s such that the function ψ ℓ (r ⋆ ) satisfies both boundary conditions:
By making the formal replacement s = iω, we have the usual quasinormal mode boundary conditions. The frequencies ω (or s) are the quasinormal frequencies.
The semi-analytic approach used in this work [13] is a very efficient algorithm to calculate the quasinormal frequencies, which have been applied in a variety of situations [23] .
Under the choice of the positive sign of the real part of ω, QNMs of Gauss-Bonnet and Gauss-Bonnet-de Sitter black holes satisfy the following boundary conditions
corresponding to purely in-going waves at the event horizon and purely out-going waves at null infinity (or cosmological horizon, if Λ > 0). For the Gauss-Bonnet-anti-de Sitter geometries, the effective potential is divergent at spatial infinity (which corresponds to a finite value of r ⋆ , here taken as 0). In the present work, we assume Dirichlet boundary conditions, setting ψ ℓ (r ⋆ = 0) = 0. To find the quasinormal modes of the black hole whose effective potential has the form of a potential barrier (GB and GBdS black holes) one can use a high order WKB approach, finding
where V 0 is the height and V ′′ 0 is the second derivative with respect to the tortoise coordinate of the potential at the maximum. L 2 , L 3 L 4 , L 5 and L 6 are presented in [13] . Thus we are able to use this formula for finding the quasinormal modes of Gauss-Bonnet and Gauss-Bonnet de Sitter black holes. Yet, for Gauss-Bonnet anti-de Sitter it cannot be applied as the corresponding potential is divergent at spatial infinity.
Accuracy of WKB approach may be bad for some cases of higher dimensional black holes. We think that it is mainly not because of second small peak in higher dimensional case [25] , [35] : the WKB inaccuracy is limited by the case ℓ = n or ℓ < n. To judge about accuracy of WKB method one has to compare the WKB results with results obtained by an accurate Frobenius procedure. This was done for a d-dimensional Schwarzschild black hole in a paper [36] , where it was shown that for low overtones (ℓ > n) the difference between 6th order WKB and Frobenius method results is less then one percent. We believe this signifies the relialability of WKB formulas for ℓ > n modes, even for higher dimensional black holes. After all, for l > 0 modes, and for scalar field perturbations considered in this paper, there is no negative pitch in the potential. 
IV. EVOLUTION OF PERTURBATIONS: TIME AND FREQUENCY DOMAIN
In this section we shall discuss the quasinormal and late-time behavior for scalar field perturbations in the exterior of Gauss-Bonnet black holes, generally, with a null, positive and negative Λ-term, and therefore one has to consider the correlation of the scalar field evolution with "global" parameters: GB-coupling α, Λ-term, spacetime dimensionality, and "local" parameters such as black hole mass µ and multipole number ℓ.
A. Gauss-Bonnet black holes
As seen in a previous work [12] , the WKB method allows very accurate calculations of the quasinormal modes associated with the field evolution. A complementary analysis can be performed within the time-dependent picture. For this purpose, we use here a characteristic initial value algorithm.
The scenario presented by the WKB calculations is consistent with the results obtained with time evolution approach. From the wave-functions calculated with the characteristic integration routine, it is observed that, after an initial transient phase, the decay is dominated by the quasinormal mode ringing. It is possible to estimate with high precision the oscillatory and exponential decay parameters using a non-linear fitting based in a χ 2 analysis. We emphasize that the numerical concordance is excellent, as seen in Tables I -IV. The results, as compared between WKB approximation and characteristic integration agree to an accuracy within a few per-cents for l > n case. This small difference must exist, because we compare the data for the fundamental overtones in frequency domain with time domain data where the contribution from all overtones is taken into consideration. Unfortunately the WKB accuracy for l = n = 0 is not satisfactory what results in large difference between frequency and time domain data for that case.
Strictly speaking, the WKB technique we used here converges only asymptotically. Practically, WKB formula shows good convergence within several few orders after eikonal approximation. Yet, the worse convergence of the WKB method takes place when we deal with the intermediate values of α ≈ 1. That is why, in this regime, the agreement between the WKB and the characteristic integration results is the worst.
The imaginary part of the frequency does not show too much dependence on α, yet slightly decrease when α is increasing. On the other hand, the real part increases with α, though not significantly either. This might be showing that a quasinormal mode is much more an effect connected with the local geometry containing the black hole rather than with the global effect of the geometry, namely, the effect of the existence of an event horizon matters much more than a detailed dependence on the parameter α. Yet, large enough values of α certainly affect the quasinormal spectrum: the QNMs are proportional to α in the regime of large α [12] . As α approaches zero, the QNMs go to those of ordinary ddimensional Schwarzschild black hole described by the Tangherlini metric.
However, it does not mean that GB corrections are negligible. On the contrary, according to string theory the Gauss-Bonnet coupling α should be around 1. Let us compare the results, for instance, for ℓ = 2, n = 0 QNMs for Schwarzschild and α = 1 GB black holes for d = 6: for Schwarzschild we have ω = 1.5965 − 0.3967i (6th order WKB), for α = 1 (6th order WKB) we get ω = 1.69654 − 0.31929i (Note that for this case convergence is good and the 3th order WKB value is not much different 1.67624 − 0.323698i). Thus the effect of GB coupling is about 6.3% in real and more then 20% in the imaginary part here. For larger values of α it is certainly larger. We have the same order of difference for other values of n and ℓ.
In the time domain the signal has three stages: the initial pulse dependent on the source of perturbations, the quasinormal ringing dominating period, and the powerlaw tail (see Fig.1 ). The bigger GB-coupling is, the larger the quasinormal dominated region, i.e. at later times the tails start dominating. As can be seen from Fig.2 , the power-law tails do not show dependence on the Gauss-Bonnet coupling α and are the same as for the d-dimensional Schwarzschild black hole in Einstein general relativity, when d is odd. That is, the fields always shows a power-law falloff: for odd d > 3 the field behaves as
at late times, where ℓ is the multipole number. This behavior is entirely due to d being odd and does not depend on the presence of a black hole [24] . It is known, that in Einstein gravity, for even d > 4, the field decays as [24] 
and for the latter case there is no contribution from the flat background. This power-law tail is entirely due to the presence of the black hole [24] . At the same time, the Gauss-Bonnet black hole metric (3-4) goes to pure Minkowskian metric when the black hole mass equals zero, i.e. in a space-time without a black hole. In other words, empty space-time in Gauss-Bonnet gravity "does not see" the α. That is why we do not observe the α-dependence of tails in odd space-time dimensions. Thus, if the Gauss-Bonnet term changes late-time behavior, it must show itself only for even-dimensional space-time. In the numerical procedure developed with the characteristic integration scheme, no tails (power-law or otherwise) were observed in even dimensions GaussBonnet spherical black holes. Yet, it should be pointed out that the integration of the scalar field equation in the GB background is a much more demanding numerical problem than the same integration with the usual Einstein coupling. In the latter case there are auxiliary analytical results, such as explicit expression for the tortoise coordinate function. Therefore, the GB codes are less precise and more time consuming, and eventual tails could be hidden. The possible absence of tails with even d deserves further consideration.
B. Gauss-Bonnet-de Sitter black holes
For the GBdS black holes the quasinormal ringing stage becomes correlated with a new parameter: a positive Λ-term. When the Λ-term is growing, both real oscillation frequency and the damping rate are decreasing. Yet, real part of ω is more sensitive to the changes of Λ-term.
Qualitatively this resembles the quasinormal oscillations of d-dimensional Schwarzschild-de Sitter black hole [25] . In the limit of extremal value of the Λ-term, i.e. when the cosmological horizon (r c ) is very close to the event horizon (r + ), it is possible to generalize the formulas found in [26] for four dimensional black hole and in [27] for d-dimensional case. Namely, the quasinormal frequencies for the near extreme Gauss-Bonnet asymptotically de Sitter black holes are given by
where κ + (a function of α in this generalized context) is the surface gravity at the event horizon. The above formula is well confirmed numerically: Fig.3 shows a comparison of the values obtained by direct numerical calculation and from Eq. (19) . Thus the quasinormal modes are proportional to the surface gravity κ + , at least for lower overtones. It should be pointed that for the usual Schwarzschild-de Sitter black holes, numerical and analytical investigations [28] suggest that the high overtone behavior does not obey the formula (19) . When the mass parameter µ is set to zero, we have the case of pure de Sitter spacetime in the Gauss-Bonnet gravity. The metric function (4) then reduces to the following form:
Repeating the analysis of [29, 30] , we come to the conclusion that quasinormal modes exist only in odd spacetime dimensions and are given by the formula: Note that pure Gauss-Bonnet-de Sitter quasinormal modes are purely imaginary, which corresponds to exponential decaying without oscillations.
It is well-known that the late-time tails of black holes in asymptotically de Sitter space-time for zero multipole and for higher multipoles are qualitatively different. For the zero multipole field (ℓ = 0), the time domain picture is the following: after a transient part, a quasinormal mode dominated region is best observed. Following the quasinormal mode dominated region, a late-time decay region settles. In this latter phase, the wave-functions decay asymptotically to a constant value, as has been the case in the Schwarzschild de Sitter black hole which was studied before [18, 19, 31] . This is illustrated in Fig.4 .
For first and higher multipoles (ℓ > 0) at late times we observe exponential tails in vicinity of GBdS black hole. This is also an expected result, since in Einstein gravity the exponential tails are observed as well in usual de Sitter black holes [18, 19, 31] . This is illustrated in Fig.5 . The dependence of the quasinormal modes on Λ-term and Gauss-Bonnet coupling can be learnt from Tables X-XII for different space-time dimensionality.
The numerical simulations developed for GaussBonnet-de Sitter black hole indicate that the massless scalar perturbation in this geometry behave asymptotically as
where κ c is the surface gravity at the cosmological horizon and c quad is an adjustment parameter for the κ 2 c correction. The expression (22) shows that, although the exponential tail in the GBdS background is dependent on the Gauss-Bonnet coupling α (since κ c is a function of α), the form of the dependence is identical to the null α case. Eq. (22) generalizes the analogous expression found in [31] for the usual Schwarzschild black holes.
C. Gauss-Bonnet-anti-de Sitter black holes
The quasinormal and late-time behavior of black holes in anti-de Sitter spacetime is significantly different from those in asymptotically de Sitter or flat spacetimes. The key difference is stipulated by the effective potential behavior, which is divergent at spacial infinity. Thus the anti-de Sitter space acts as an effective confining box. Therefore the Dirichlet boundary conditions are natural. These boundary conditions are required also by AdS/CFT correspondence for scalar field perturbations [11] . Yet, for higher spin perturbations the true boundary conditions may be different [20] .
In the usual Schwarzschild-anti-de Sitter black holes, the quasinormal modes govern the decay at all times and thereby no power-law or exponential tails appear [21, 22] . We observe a similar behavior the scalar field perturbations in the Gauss-Bonnet-anti-de Sitter black holes.
It is not possible to use WKB method to find the quasinormal modes in Gauss-Bonnet-AdS case because the effective potential is not a potential barrier anymore. The Horowitz-Hubeny method [11] is not applicable either, because the Taylor expansion of the effective potential has infinite number of terms. That is why we were limited only by time domain analysis, which is free of the above problems. From Fig.6 we see that, indeed, the quasinormal modes are dominating even at sufficiently late times. We also have learnt from Fig.6 that the quasinormal mode dominated region grows, as the multipole index ℓ grows.
As is known from Einstein action case, as the radius of the AdS black hole goes to zero, the quasinormal modes of the black hole approach its pure anti-de Sitter values [32] . Repeating the calculations of [30] , we find the exact expression for the normal modes in GB gravity: 
The pure GB-AdS modes, unlike GB-dS modes, exist in any any spacetime dimension.
V. CONCLUSIONS
We have considered here frequency and time domain description of evolution of scalar field perturbations in the exterior of black holes in Gauss-Bonnet theory of gravity, generally with a Λ-term. The quasinormal behavior even though being corrected by a new parameter, Gauss-Bonnet coupling α, are qualitatively dependent mainly on the Λ-term and black hole parameters such as mass µ and multipole number ℓ. The late-time tails for asymptotically flat Gauss-Bonnet black holes, do not depend on the Gauss-Bonnet coupling in odd spacetime dimensions, and therefore are the same as those for d-dimensional Schwarzschild black hole in Einstein gravity. Moreover, in the case of Gauss-Bonnet-de Sitter black holes, the late-time tails, though dependent on α, yet, rather trivially, i.e. only through dependence of the surface gravity at the cosmological radius on α. Thus, the Gauss-Bonnet coupling shows itself "minimally" in late-time behavior. The most interesting problem which remains unsolved is, to find late time tails for even dimensions, and thereby, to know whether the power-law tails depend upon the Gauss-Bonnet term. At the same time, we have shown that corrections to the quasinormal frequencies due to GB-term are not negligible: they may reach 20% for string theory predicted values of α ≈ 1.
Even though our analysis can easily be extended to the massive scalar field, we were limited here by the massless case. We expect that the influence of the massive term upon the QNMs will be similar to that found in [33] , i.e. the lower overtones should be corrected by the field mass, infinitely high overtone asymptotic will be unchanged no matter the value of the massive term. Also we did not consider the high overtone behavior of the GB black holes. Generally, the high overtone asymptotics must be studied by totally different methods [34] and deserves separate investigation.
